In this article axisymmetric stagnation-point flow of second grade fluid over a lubricated surface with heat transfer has been investigated. The lubricant assumed to have a thin layer of variable thickness which allows a partial slip over the surface and obeys the constitutive relationship of a power law fluid. The non-similar numerical and analytic solutions of the transformed ordinary differential equations are obtained using hybrid homotopy analysis method which is based on the combination of homotopic and shooting methods. Results are derived for velocity and temperature profiles. Graphs are plotted to examine the impacts of physical parameters on the velocity and temperature.
Introduction
The flows of non-Newtonian fluids have important role in several industrial and engineering processes. Newton's law of viscosity does not hold for such fluids and their rheological properties cannot be explained by one constitutive relationship. There is nonlinear relationship between shear stress and shear rate in the case of non-Newtonian fluids. Resulting differential system for the nonNewtonian fluids are in general of higher order and more complex in comparison to the NavierStokes equations. A glance at literature shows that different constitutive relationships have been proposed for non-Newtonian fluids. Amongst these second and third grade fluid model have got special attention of the researchers. Numerous studies are available for the flows of non-Newtonian fluids. Some recent studies may be directed in the investigations (Ariel, 2001; Sajid and Hayat, 2007; Hayat et al. 2008; Fetecau et al., 2010; Shafique et al., 2013; Ahmad, 2013) . Manzoor Ahmad, Iftikhar Ahmad, and Muhammad Sajid / American Journal of Heat and Mass Transfer (2016) Vol. 3 No. 1 pp.1-14 2 The study over a lubricated surface has an important application in machinery components such as fluid bearings and mechanical seals. Coating is another major application including the preparation of thin films, printing, painting and adhesives. In biological point of view the study of red blood cells in narrow capillaries and of liquid flow in the lung and eye. Various attempt in the past dealt the flow over a rigid surface. The stagnation point flow considered by (Homann, 1936) in a rigid plate was discussed against a thin lubrication layer by (Yeckel et al. 1994 ) first time. An analytical study of flow of a viscous fluid flowing over another viscous fluid was carried out by Blyth and Pozrikidis (2005) . A slip boundary condition was introduced by (Andersson and Rousselet, 2006) for the flow over a lubricated rotating disk. (Santra et al., 2007) discussed the axisymmetric stagnation point flow of a viscous fluid over a lubricated surface. A similarity solution was obtained for the governing equations using numerical techniques. (Sajid et al., 2012) included a general slip boundary condition in the work of (Santra et al., 2007) . Few studies are conducted regarding the stagnation point flow of non-Newtonian fluids over a lubricated surface. Recently (Sajid et al., 2013) analyzed the stagnation point flow of a non-Newtonian namely viscoelastic Walters' B fluid over a lubricated surface. They obtained a numerical solution using the hybrid numerical method proposed by (Ariel, 1992) . The heat transfer analysis of non-Newtonian fluids over a thin lubricated layer is an open area of research. This fact motivated us to discuss the heat transfer analysis of axisymmetric stagnation point flow of a second grade fluid over a lubricated layer of variable thickness. The modeled problems are solved by hybrid homotopy analysis method which is a combination of homotopy analysis method (Liao, 2012; Turkyilmazoglu, 2012; Abbasbandy et al. 2013; Rashidi et al. 2014; Hayat et al., 2014; Daniel and Daniel 2015; Daniel 2015) and shooting method (Na, 1979) . The proposed methodology was firstly used by (Sajid et al., 2015a) for solving nonlinear equations with nonlinear boundary conditions. Now this technique has been successfully applied to many problems such as (Sajid et al., 2015b; Sajid et al., 2015c; Ahmad et al., 2015) and the obtained results are validated through residual errors.
Problem Formulation
Let us consider a steady, incompressible, axisymmetric stagnation-point flow and heat transfer of second grade fluid over a surface with power-law lubricant. The power law lubricant spread over the sheet and makes a thin layer of variable thickness. The lubricant layer has constant flow rate is of the form = ∫ ( , )2 ,
(1) where ℎ( ) is the variable lubricated thickness and is the velocity component in radial direction. The boundary layer equations that governs the flow and heat transfer of second grade fluid are 
where and are the velocity components of second grade fluid in radial and axial directions respectively, ̂ is the modified pressure, is the kinematic viscosity, is the density, 1 is the second grade fluid parameter, is the specific heat at constant temperature and 1 is the permeability of the absorbent medium. The power law lubricant occupies the space 0 < < ℎ( ) and second grade fluid filled the region ℎ( ) < < 1. The standard no-slip condition at the wall is ( , 0) = 0, ( , 0) = 0, = , at = 0,
Here we consider that there is no change in the axial components of velocity inside the thin lubricant layer therefore
(8) At the interface region where the power law lubricant and second grade fluid interact, we assume the continuity of velocity and shear stress for both the fluids. The continuity of shear stress at
in which is the dynamic viscosity, is the consistency index and is the power law index. Furthermore, the continuity of axial velocity at the fluid-fluid interface gives
which further gives ( , ℎ( )) = 0.
(12) It is assumed that power law lubricant forms a very thin layer on the disk and thus following (Joseph, 1980) we impose boundary conditions (9)-(12) at the disk. The velocity and temperature at the free stream is assumed to be = , = −2 , = ∞ , → ∞.
(13) Following (Santra et al., 2007) , it is assumed that radial component of velocity varies linearly inside the power law lubricant
where ̂( ) is the radial component of velocity for both the fluids at the interface = ℎ( ). Hence by substituting Eq. (14) into Eq. (1) one obtain the thickness of the lubrication layer as follows ℎ( ) =̂( ) .
This modify the boundary condition given in Eq. (9) in the following way
For the numerical and analytic solution of the governing equation, we assume that the boundary condition at fluid-fluid interface are equally applicable at the fluid solid interface = 0. This assumption becomes valid when the assumed lubricant layer is thin. A similar assumption has already been found in the literature (Santra et al., 2007; Sajid et al., 2012 , Sajid et al., 2013 Sajid et al., 2015b; Sajid et al., 2015c; Ahmad et al., 2015) .
Introducing new dimensionless variables
We have the following boundary value problem in dimensionless form .
In next section we present a mechanism on the basis of shooting and homotopy analysis methods.
Solution by Hybrid Homotopy Analysis Method
In the first step boundary value problem converted into initial value problems using shooting method (Na, 1979) . For this we assume
Differentiating Eqs. (18), (20) and (23) with respect to and (19), (21) and (24) with respect to 1 we get 
It is important to mention here that Eqs. (18)- (19) and (25)- (26) have zero coefficient with the highest derivative term when = 0 and → 0, therefore it cannot be integrated by standard integration technique. For numerical computations we replace ∞ by a value ∞ and divide the domain 0 ≤ ≤ ∞ into subintervals having length such that
Equations (18)- (19) and (25)- (26) can be transformed into first order initial value problems in each subinterval in case of fixed length interval we have [( − 1) , ], = 1,2,3 …. The initial value problems in each subintervals takes the form
The numerical values at the end point in the th subinterval are the initial conditions for the ( + 1)th subinterval. We now apply homotopy analysis method to solve initial value problems given by Eqs. (29)-(33). The details are given in next subsections.
Zero order deformation problems
Defining the zero order deformation problems we have 
where be the embedding parameter, be the first order linear operator, 0 ( ), 0 ( ), 0 ( ), 0 ( ), 0 ( ), 0 ( ), 0 ( ), Θ 0 ( ), 0 ( ) and Φ 0 ( ) are the initial guesses taken to be the numerical values at the starting point of each subinterval. Here we have chosen auxiliary parameter to be −1 and auxiliary function to be 1. The convergence in the proposed hybrid homotopy analysis method is controlled by the length of the subinterval i.e. and the order of approximation.
th order deformation problem
The th order deformation problem in each subinterval is given by 
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The final solutions in each subinterval are thus given by
The solution of the governing problems is obtained in the following steps. Firstly an approximate value of and 1 are chosen and the system of initial value problems is solved for = 1. Then the initial condition at the second subinterval is evaluated from this solution and a solution is found in the second subinterval. This procedure continues and an analytic solution is evaluated in each subinterval. A zero finding algorithm is chosen to evaluate the correct value of and 1 which leads to 0 ( ∞ ) = 1 and Θ 0 ( ∞ ) = 0. We choose the order of approximation and size of interval such that the obtained residual error lies within an accuracy of 10 −13 . The hybrid homotopy analysis method is employed through MATHEMATICA for finding the solution of stagnation point flow and heat transfer of second grade fluid over a lubricated surface. The analytic solutions of required accuracy are evaluated in each subinterval together with the respective numerical values at each node point of the subinterval. In table 1 Manzoor Ahmad, Iftikhar Ahmad, and Muhammad Sajid / American Journal of Heat and Mass Transfer (2016) Vol. 3 No. 1 pp.1-14 9 Fig. 4 . Influence of viscoelastic parameter on the temperature profile ( ). . 1 is shown to present the effects of slip parameter on the velocity field ′( ). The full slip case is represented through the profile when → 0 and no-slip is represented when → ∞. It is clear that from this figure that in the full slip case the slip on the surface dominates the effect of free stream velocity and almost no change is observed throughout the semi-infinite domain. The momentum boundary thickness also decreases with increasing slip. The behavior of viscoelastic fluid parameter on the velocity field is presented in Fig. 2 . This Fig. illustrates that the velocity increases and boundary layer thickness decreases by increasing the viscoelastic parameter. The large parameter corresponds to less viscosity and as a result the fluid corresponds to less resistance and therefore velocity of the fluid increases. Fig. 3 is made to see the impact of slip parameter on the temperature profile ( ). This figure shows that temperature and boundary layer thickness increases by increasing the slip parameter. The impact of viscoelastic parameter on the temperature profile ( ) is shown in Fig. 4 . Here we see that the temperature decreases and the boundary layer increases when we enlarge the viscoelastic parameter. Fig. 5 give the effects of Prandtl number on the temperature profile ( ). We see that the temperature and boundary layer are reduced for larger value of Prandtl number. From the definition of Prandtl number it is quite obvious that a large Prandtl number has a lower thermal diffusivity and hence it allows less thermal effect to penetrate deeper into the fluid. As a result, temperature decreases and the thermal boundary layer become thinner when is increased. The influence of Eckert number on the temperature ( ) has been depicted in Fig. 6 . The large values of lead to a strong viscous dissipation which appreciably increases the temperature profile. Fig. 7 elucidates the effect of power law index on the temperature ( ). Here we see that the shear thikning lubricant the boundary layer thickness is more than that of shear thinning fluid. Also the temperature profile decreases by an increase in the power law index. To ensure the accuracy and correctness of the obtained hybrid homotopy analysis method solutions we have plotted residual error curves in each case. Here we are shown two of these error curves for a set of parameters in Figs. 8 and 9. It is evident from these figures that the obtained solutions have accuracy of 10 −9 and 10 −13 for velocity and temperature profiles respectively. (Santra et al., 2007) and (White, 1991) for viscous fluid when = 0.
Numerical Results and Discussion

Concluding Remarks
The heat transfer analysis in an axisymmetric stagnation point flow of second grade fluid over a thin lubricated surface with power law non-Newtonian fluid has been considered in this paper. The flow problem is governed by nonlinear partial differential equations subject to nonlinear boundary conditions. A hybrid homotopy analysis method is implemented for obtaining the quantities of interest. The main findings of this study are listed below: 1. Velocity increases by increasing the slip and viscoelastic parameters. 2. Slip effects dominates the effects of free stream velocity. 3. Temperature and thermal boundary layer thickness are decreasing functions of Prandtl number. 4. An increase in viscoelastic parameter decreases the temperature distribution. 5. The effect of Eckert number is to increase the temperature distribution in the flow region.
